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SUMMARY 


Three types of pressure cells are assessed. The relation be- 
tween the deflexion of the front plate and the error in registration 
of the pressure cell is given as a function of the dimensions of the 
pressure cell and the physical constants for the cell and for the 
compressible medium. The latter is assumed to be homogeneous 
and isotropic and to follow Hooke's law, 

The following types of pressure distribution between the pressure 
cell and the compressible medium are considered: uniformly distribu- 
ted pressure, axially symmetrical pressure distribution, and arbitrary 
pressure distribution. These pressure distributions refer to the ima- 
ginary state in which the deflexions of the front plate are 0 every- 


where. 


F.L. Smidth & Co. A/S's Jubileumsfond has kindly granted 
financial support for the work described in the present paper. 
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MEASUREMENT OF PRESSURE BETWEEN A RIGID WALL AND A 


COMPRESSIBLE MEDIUM BY MEANS OF PRESSURE CELLS 


BASIC CONSIDERATIONS CONCERNING THREE TYPES OF 


PRESSURE CELLS 


Vagn Askegaard 
Structural Research Laboratory 
Technical University of Denmark 


In this article an appraisal is made of three types of pressure 
cells placed in a rigid wall or plate. The front plates of the cells lie 
flush with the plane underside of the wall, which is, in turn, in con- 
tact with a compressible medium, Such pressure cells are used to 
obtain correct measurement of the pressure between the rigid wall 
and the compressible medium at the location of the pressure cell. 
The dimensions of plate and compressible medium are large in re- 
lation to the diameter of the cells. 


The following cases are considered: 
1. Uniformly distributed pressure under the pressure cell. 


2. Axially symmetrical pressure distribution under the pressure 


cell, 
3. Arbitrary pressure distribution under the pressure cell. 


4. The pressure cell arranged in the rigid wall so that it lies 


near the edge or corner of this. 


5. Model tests corresponding to a combination of 3. and 4, 


Points 2. and 3, are included because experience shows that quite 
considerable pressure gradients may arise between a rigid wall and a 
compressible medium over an area of the same size that covered by 
a’ pressure cell, 


The following assumptions are made unless otherwise stated. 
A) The wall is infinitely rigid. 


B) The compressible medium is isotropic and homogeneous and 
is subject to Hooke's law. 
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C) There is no friction between the compressible medium and 


the rigid wall plus pressure cell. 


D) Tensile stresses cannot be transferred between the com- 


pressible medium and the rigid wall plus pressure cell, 


The three different types of pressure cells are shown in figs. 1, 
2 and 3, They are all axially symmetrical, with radius a, Pressure 
cells of these types are known to be used in practice. 


Fig 4 


Fig 2 


Fig. 1 (pressure cell a) shows a 
type of cell in which the front plate 
is rigid and moves as a frictionless 
piston in a cylindrical boring with 
radius a, The total load under the 
piston is equal to the spring force 
measured, The practical design of 
such a pressure cell naturally devi- 
ates considerably from that sketched. 


Fig. 2 (pressure cell b) shows a 
pressure cell in which the front plate is 
clamped along the edge. In case of pres- 
sure distribution under the front plate, this 
is deformed, and a relationship is sought 
between the resultant load under the plate 
and this maximum or average deflexion, 

In the design shown in fig. 7, the load on 
the plate is transferred through a fluid to 

a thin plate of smaller diameter. The de- 
formation of this thin plate is measured 
and used as an expression of the total pres- 


sure under the front plate 
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The pressure cell shown in 
fig. 3 (pressure cell c) is provided 
with a membrane, which transfers 
the pressure to a fluid, This in 
turn deforms a thin plate having a 


considerably smaller radius, and 


the deformation of the thin plate is 
Fig 3 then determined. 


Uniformly distributed pressure under the pressure cell 


It is assumed that there is pressure everywhere between the 
rigid wall and the compressible medium, Under the cell this pressure 
is uniformly distributed %. when the front plate of the cell lies flush 
with the underside of the rigid wall, i.e. when 7" 0, w,, being the 
deflexion of the front plate at a distance r from its centre, 

P= na. is the load that the pressure cell should register if 
working correctly. As the measuring operation is conditioned by whether 
or not w has a finite value, and as this results in a rearrangement of 
the pressure distribution under the cell, the force acting on the cell 
(and registered by this) is no longer P = naq., but P- AP. 

The derivative ¥ 3 for w= 0 seems thus to characterize an im- 
portant property of the pressure cell. AP depends on the design of the 
cell and on the material constants in the cell and in the compressible 
medium. An effort is made to design the pressure cell in such a way 
that SP is so small in relation to P (e.g. < 0,01 - 0.02 P) that a cor- 
rection is no longer considered necessary. On the basis of the results 


in (1) and (2) it can be assumed with good approximation that for 
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AP _ _ dP 
4P<0.1° P, = const, . 
dw 
w=0 
Me, 


Pressure cell a (fig. 1) 


aP 
According to (1) and (2), _ * 6, Janne , where BE, is the 
w= 0 1-¥,, 


modulus of elasticity of the compressible medium and V5 Poisson's 
ratio. The signal measured is proportional to the load acting on the 
pressure cell. 

The relationship between the load and the signal measured can be 
determined in advance by loading the front plate with a weight or a 
uniformly distributed pressure. 

The calibration curve thus obtained shall be corrected by means 
of the above-mentioned expression before it is applied to the case 
where the pressure cell is arranged in the rigid wall, in contact with 
the elastic medium, 


Pressure cell b (fig. 2). 


In this case the pressure distribution is obtained by superposing 
the loading cases shown in figs. 4a and 4b. (The change in the thick- 
ness of the front plate is assumed to be negligible). The deflexion 
curve for the front plate is determined by the loading case in fig. 4b, 
assuming here that tensile stresses can be transferred from the elastic 
medium to the rigid wall, including front plate. In the final condition, 
where the pressure distribution in the two cases is superposed, there 
must be no tension anywhere between the elastic medium and the rigid 
wall, including front plate. For the loading case shown in fig. 4b, the 
following conditions can be established: 


Ga + 4p = 4, at any point within the area F 


where qa is the pressure distribution over the area F of the pressure 
cell, qp is the change in the stress distribution acting on the surface 
of the compressible medium within the same area F, Wa is the 
deflexion of the pressure cell at an arbitrary point under the influ- 
ence of the stress distribution q A’ and p is the deflexion of the 
compressible medium at the same point, under the influence of the 
stress distribution qp. 
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The problem is solved approximately with a stress distribution 
following a step curve, as shown in fig. 4c, and the conditions are 
then: 


Gan Ipn % fr 3 5 7 9 


and 


Sr ae 4, 3 5S, 7, 


This results in a system of equations consisting of five inhomo- 


geneous linear equations with five unknown quantities. 
SP is the load applied to deform the compressible medium, i.e. 


AP «= 


The deflexion of the front plate of the pressure cell under the 
action of the stepped loading shown is determined by superposition 
of the deflexions caused by the individual ring-shaped loadings. The 
deflexion of the front plate under the action of a ring-shaped loading 
is found by subtraction of two circular loadings having the same load 
intensity. 

Under the action of a circular loading, a plate that is rigidly 
fixed along the edge is subject to the following deflexions, using the 


designations given in fig. 5 


(see, for example, (3) page 
ms 196). The deflexions are 


small in comparison with 


Yy the thickness of the plate. 
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r 3 ° r 
d 
for rSr 
2 
we r r+2r, 
a 


In table 1, the deflexions for circular and ring-shaped loadings 
are calculated at various distances from the centre. 

An elastic medium with a plane surface in contact with a rigid 
wall in which there is a circular hole will have the following de- 
flexions within the area of the hole (see (4)) when the load is a 
circular loading having radius °, and intensity q (see fig. 5). 


4(i- aA 


Here, E(b,k) = Vor b S14, 


the second kind. 


is an elliptical integral of 


E(k) = E(4,k) 
a 
dx 
K = F(1,k) 


These expressions are given in (4) and are calculated in (1) for 
various values of r and To! and the numerical values are transferred 


direct to table 2 below, which also shows the deflexions for ring-shaped 
loadings. 
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Therefore: 
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q q q q q 
2(0, 980--B. 0, 140--B3. 0, 315--BS. 0, 343--B7. 0, 179--B2. 0, 034) 
At q q q 


Wa3" oe (0, 828 0. 106 0,261 0.269 0.163 0, 029) 
AS" oe (0, 563 0, 062 0, 164 0,188 0,125 0, 024) 
Wa7™ oe (0,260 0, 025 0, 066 0, 084 0, 072 0, 013) 


a9" o We (0, 036 0, 003 0, 010 0, 010 0,010 0, 003) 


2 

gq q q q q 
+—B3. 0.264 +-BS. 0,212 0.160 + -B2: 0, 086) 


B3"  ( 0. 094 0, 354 0,246 0,172 0. 090) 
BS" 0, 043 0,154 0. 358 0,212 0.102) 
0, 023 0,075 0,154 0, 328 0. 136) 


B9" ofa 0, 010 0, 032 0, 060 0.110 0, 223) 


The system of equations = (n= 1, 3, 5, 7 and 9) is solved for 


(12% 4") E 


3 
3, 4, 1/3, 4/10. The results are shown in 
B 


table 3, 


The deflexions Wp shown in table 4 correspond to these values of q. 
As a check on the accuracy of the approximation used, a comparison 
of Wen and w An ©#9 be made at a number of points selected at random. 
Here, a less accurate check is made, Waa and Wan (for A = 1/10 and 3) 
being compared for n = 0, 2, 4, 6 and 8, which is not a random dis- 


tribution, The ratio As shows here an average deviation from i, 00 


w 
and 
w 
w 
w 
w 
. 


Table 5 
A 4% % % % % 
5 1,068 | 0,974 0,768 0, 304 ~0, 365 6,27 
i 0,7% 0, 683 0, 462 0,417 ~0,249 0,16 
4/3 0,443 | 0, 344 0,245 0, 046 0,104 0,077 
0,154 | 0,126 0,075 0, 043 0, 
Mi-v, % B,, 
average 
A over the 
n=O nei ne2 ne? neo ne10 | area 
5 0,737 0,728 0,697 0, 649 0, 561 0,495 0, 384 0, 266 0, 142 0, 040 0 0,294 


1 | 0,503 0, 495 0, 468 0, 428 0,372 0, 305 0,228 0,149 0, 078 0, O22 to) 0, 162 


1/3] 0,252 0, 248 0,233 0,244 0, 164 0, 146 0, 107 0, 069 0, 0% 0, 010 0 0, 067 


1/10] 0, 094 0, 090 0, 084 0, 076 0, 065 0, 052 6, 038 0, 024 0, 0415 0, 004 i) 0, 034 


of a few per cent. From this it is concluded that the pressure distri- 
bution given in table 3 deviates so little from the correct distribution 
that even in the correct case for A > 2, tension must be transferred 
from the front plate to the elastic medium over part of the area of 
the pressure cell if contact is to be maintained >1). This is at 

’ variance with our assumptions so it must be a that A <2, A 
check calculation will show that in the loading cases in question there 
is compression everywhere between the elastic medium and the rigid 
wall outside the front plate of the pressure cell. However, A-values 
higher than 2 are used below; as will be seen later, these values be- 
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come actual when there is fluid pressure behind the front plate of the 
pressure cell, 


For this type of pressure cell, when the measurement is based 


on Wiiax’ the following is obtained: 
. 2 ~ 0,8 ° for An 1/10 
w=o (w=o) 1-v 
B B 
0, 091 
B 
(see tables 3 and 4) 
and 
aP ~0.9° for Aes 3. 
When the measurement is based on w » where w is the 
average ° 


average deflexion over the area of the pressure cell, the following is 
obtained: 


dp 
w for A = 1/10 
B 
and 
E.‘a 
dP B = 

w=o inv, 


These are favourable values compared with the corresponding 
value for pressure. cell a, since they can be construed to mean that 
a relatively large deflexion of the centre of the pressure cell re- 
sults in only a slight change in the total load acting on the pressure 
cell, 

The signal measured is, however, not uniquely connected with 
the total load acting on the pressure cell, as was the case for cella, 
but is dependent on the distribution of the pressure over the area of 
the cell. 

Here, attention is drawn to the fact that, in practice, pressure 
cells are frequently calibrated by subjecting the front plate to a 
uniformly distributed load (fluid pressure) that can be produced in a 


simple way. The state of deformation of the pressure cell and thereby 


> 
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also the registered value under the calibration condition (uniformly 
distributed pressure q,) may deviate considerably from the state where 
the cell is placed in a rigid wall and the pressure between the cell 
and the elastic medium is characterized by being uniformly distributed 
% in the imaginary state in which the deflexion w, of the front plate 
is 0 everywhere, 

For a fluid pressure q, over the entire front plate, the following 
deflexions are obtained: 
2 


3(i-v, 
Wimax 4 Io 
16E t 
and 
2 
3(1- Va ) 4 
w = a +0,337'q 


If the pressure cell is placed in a rigid wall in contact with a 
compressible medium, and if the pressure between the cell and the 
medium, when uniformly distributed, has the value q,° (when wie 0), 
the deflexions will be as shown in table 4. Tine is found in the 
column n = 0, 

The ratio between the deflexions in the measuring condition 
(pressure cell placed in the wall in contact with the compressible 
medium) given in table 4, and the deflexions under the calibration 


conditions, given by the above-mentioned expressions, can be seen 


Table 5 


Ratio between under operating conditions 

(q, uniformly distributed in the imaginary state where w_ =o) 
and under conditions of calibration (a, uniformly distri- 
buted fluid pressure). 


A Measurement Measurement based on * 
— «0 —2#0,3 —#0,6 —=0,9 
4o % 4 
0 1,00 1,00 1,00 1,00 1,00 
1/10 0,94 0,94 0,94 0, % 0,99 
4/3 0,76 0,77 0,83 0,89 0,97 
i 0,50 0, 54 0,63 0,75 0, 92 
3 0,25 0,29 0,37 0,50 0, 64 
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from the first two columns of table 5, %% is a counter-pressure be- 
hind the front plate and is in this case 0, 
on this ratio is called BL: 


For measurement based 
w 
average 


In fig. 6, the contents of table 5 are shown graphically. 


me 4,0 


2,0 40 
3 aE q 
Fig 6 


Example: 


E,, = 1000 kg/cm’, which is a commonly applied modulus of 


elasticity for sand when this is regarded as an elastic medium, 


Eq e 2° 10° kg/cm’, corresponding to the front plate of the 
pressure cell being made of steel. 


The radius of the front plate a = 50 mm 
The thickness of the front plate t = 3 mm, 


(50)3, _1000 


Thus, A = (— = 0,35 


3 
According to fig. 6, the pressure cell then indicates 75 %of 
the corresponding calibration value, i.e. the actual pressure is 
approximately 35% higher than that measured, The total load on 


the front plate will in that case be 8 % lower than under the cali- 
bration conditions, 
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Pressure cells with front plates 
are often made as shown in fig. 7. 


Y | Here, the measurements are made 
Y 


on the upper thin plate, the defor- 


mation of which may be very con- 


SS 
| 


a—_——~ siderable, while the deflexions of 


NX the front plate are negligible. 


For this pressure cell it is 


assumed that the internal fluid 


SNS pressure is proportional to AV, 


77, 


where AV is the volume limited 


by the two positions of the front 


plate corresponding to loaded and 

unloaded condition, The signal 

measured is proportional to the fluid pressure behind the front plate. 
If the pressure cell is calibrated during uniformly distributed, 


external fluid pressure 44) the following is obtained: 
= Kyla, - 


where K, is a constant containing Ey Var t and a, and % is the 
internal fluid pressure at the loading in question, 

The pressure cell is now considered in position in the rigid wall 
in contact with the elastic medium, The pressure is uniformly distri- 
buted q in the imaginary state where w* 0. When z = m, the in- 
ternal fluid pressure has a value that can be denoted Bin’ 44° By apply- 
ing the same considerations as used in connexion with figs. 4a and 4b, 
it will be seen that with this internal fluid pressure, the deflexion 
curve for the front plate corresponds to that for the loading shown in 
fig. 4b, with a uniformly distributed counter-pressure Bint over the 
area of the front plate superposed. 


This condition will thus give: 


where K, is a constant containing Ew Var Ep: YB? t and a, 
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We now have 


av, (a, 44) O49, ~ 


where Pa is obtained from table 5. 


We now have 


for the determination of 054, <4,: 


q 
Bn is shown in table 5 for various values of Pot | and is shown graphi- 


cally in fig. 6, 

As the shape of the deflexiun curve is unchanged, it will be seen 
that ek remains unaltered when there is internal counter-pressure. 

The value for A at which there is pressure everywhere between 

the pressure cell and the compressible medium depends on the size of 

% and increases with this. For = ~ 0.41, this value is approximately 10. 


Pressure cell c (fig. 3) 


This type of pressure cell is filled with a fluid. AV is assumed to 

be proportional to q4> where % is the fluid pressure behind the mem- 

brane. This cell registers the load transmitted through the membrane, 
dP 

We will find 

According to (4), the deflexion w. in the loading case shown in 

fig. 8 is expressed by 


2 
1 - (=) 


If a pressure cell of this type is now arranged in a rigid wall in 
contact with a compressible medium, where the pressure is uniformly 
distributed q, over the area of the cell in the imaginary condition in 
which the deflexions of the membrane are 0 everywhere, the deflexions 
of the membrane will be determined by the loading condition shown in 


fig. 8, superposed by a counter-pressure q,, which is the fluid pres- 
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m = 

> 
P 

\ 
a 

. 


sure behind the membrane. Ags the 


deflexions are small, this counter- 
pressure can be assumed to act in 
the direction of the Z-axis, so that 


= - 9,)° sa’, so that 
NN _ 4! 4, 9,) a 
Fig max Ey, 
- q,)ra 
ei 8 B ° 1 
average 
and 
dw 
av. w=o av. 


A pressure cell of this type can be calibrated by subjecting the 
membrane to a uniformly distributed load (fluid pressure). The devia- 
tion of the calibration condition from the corresponding condition in 
which the pressure cell is placed in a rigid wall can be expressed by 
ue e Wee being fixed on the basis of the knowledge of the design of 
the cell and of the material constants in question. AP can then be de- 


termined. 


Axially symmetrical pressure distribution under the pressure cell 


Pressure cell a (fig. 1) 


Fig. 9 shows the relationship between AP and w when the pressure 
under the piston is uniformly distributed (for w = 0). This curve is 


transferred from (2). For an axially symmetrical load, a can, in 
w=o 
principle, be determined as stated in (1). However, it is hardly neces- 


sary to go over the individual loading cases that might arise. If there 

is pressure over the entire pressure cell for w = 0 and if the pressure 

gradient at = edge of the Te cell is not extremely large (figs. 

10a and b), m ~ 6.4 ° — is obtained, i.e. as in the case of 
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gap 


Fig 9 


uniformly distributed load, 


This is seen as follows, If the piston is 


pulled slightly back, AP will be the load required to deform the ela- 


stic medium in such a way that contact (i.e. pressure) is obtained 


everywhere between the elastic medium and the piston except for a 


narrow ring-shaped area along the edge of the piston, Acting on this 


ring-shaped area is a pressure that 
can be reckoned to be uniformly di- 
stributed when the pressure gradient 
(for w = o) is not extremely large 

and when w is small, The shape of 
the deflexion curve for this value of 

w will therefore be almost the same 
as if there had originally been uni- 
formly distributed pressure over the 
pressure cell, with a value correspon- 
ding to the average stress over the 
narrow, ring-shaped area, This means 
that at is also almost the same in 


the two cases and thus, 


dw . . 
° 1i-v 
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For greater values of w, the AP-w curve may deviate considerably 
from the curve shown in fig, 9. 


The size of oF will change when there is no longer pressure 
dw. P 


over the entire pressure cell for w = 0, Such a state of loading is 


hardly likely to be encountered very often, 


dP 
A higher value of yy 


weo 
ring-shaped area between rs 


occurs when there is pressure over a 


dw 


weo 


and a, As r., approac hes a, will 
increase infinitely, 


In order to estimate the value of a for various values of ro 


50 
the assumption is made here that 
dP 
Tw, 
= Constant 
w 
max 
for a ring-shaped loading between r, and a, where 0 < r, <a. The 
results are shown in tables 6 and 7. 
Table 6 
- 
average 
over the 
re0,fa| 0, 0, 4a 0, Sa 6, ba 0,7 0, Ba 0, % man areca 
0 1,000 | 0,995 | 0,980 | 0,954 | 0,917 | 0, 866 | 9, 900 | 0,745 | 0,600 | 0,436 | 1,00 | 0,67 
0,24 0,706 0,722 0, 800 0, 665 6, 656 0,823 0,768 6, 692 0, 544 6, 426 6,87 6, 64 
0, 4a 0,453 | 0,456 | 0,475 | 0,509 | 0,600 | 0,672 | 0,663 | 0,617 | 0,532 | 0,394 | 0,68 | 0,53 
0, 6a 0,244 0,246 0,252 0,263 0,281 0,314 6, 400 0, 464 0,401 0, 3s 0,% 0,35 
0, Ba 0,065 | 0,086 | 0,087 | 0,090 | 0,095 | 0,102 | 0,143 | 0,136 | 0,200 | 0,223 | 0,23 | 0,45 


It will be seen that with the above assumption, a ring-shaped 


loading over the area between r= 0.8a and a will increase the 


error by 50% in comparison with the condition where the loading is 


It will 


uniformly distributed over the entire area of the pressure cell. 


mean, for example, that the error becomes 6 % instead of 4% 
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Table 7 
2 
— 
weo B 
r 
0 6,1 
0, Za 6,7 
0, 4a 7,5 
0, 6a 8,5 
0, 8a 72 


Pressure cell b (fig. 2) 


It has already been stated in the section, "Uniformly distributed 
pressure under the pressure cell", that the deflexion of the front plate 
may change the pressure distribution considerably from the original, 
uniformly distributed pressure, Assuming that there is still pressure 
everywhere between the cell and the elastic medium, for an axially 
symmetrical distribution, oe and Waverage can be found in much 
the same way as described in the previous section, 

However, here we will only consider the conditions for a pressure 
cell that is very rigid, that is, with a low A-value, so that the re- 
arrangement of the pressure distribution under the cell is negligible. 
This rearrangement is neglected. 

If we then consider the same ring loadings as given in table 7, 
although with the difference that the total load acting on the cell is 
the same‘in all cases, we obtain the results shown in table 8 (based 
on the figures in table 1). 

As expected, the pressure cell is thus seen to be sentisive to 
deviations from the uniform pressure distribution, for example, for 
r= 0.4a, only 70 % of the actual load P (based on measurement of 
) will be registered. 
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average 
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Table 
on 
jag 
— 
average nid 
over the “pia 
4 ta re0, re0, 0, 7a 0, man ares 
4, 0, 980 0, 426 0, 6, 260 0,0% 1, 00 1,00 
0 
— 
0, 4a 0,625 0,550 0,401 0,204 6,027 0,64 0,297 6,70 
0, ba 0,351 6, 300 0,255 0,153 6, 020 
om 
6, 0, 095 0, O81 0, 067 6, 0% 6, 008 6,10 | 0, 040 0,12 


If the load were concentrated on the central part of the plate 


would be greater than 1. 


If the pressure distribution in 
the imaginary state where W =O, 
is as shown in fig. 11, where 
the load on the front plate is 
nag. the pressure cell, with 
measurement based on 
will show 83% of the value that 
the uniformly distributed pressure 


4, would give. If the measure- 


ment is based on way’ the corres- 


ponding figure will be 86%. 
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Pressure cell c (fig. 3) 


As before, AV is proportional to q) where q) is the fluid pres- 
sure behind the membrane, In the imaginary state where wiro a 
total load P acts under the pressure cell, If P is uniformly distri- 
buted with the pressure 4%" and if the fluid pressure behind the 


membrane is 9) "= @°q,» an average deflexion of the membrane is 
obtained, 


v 2), a 

If the pressure distribution under the pressure cell is changed to 
an axially symmetrical loading q,» #0 that the total force in the ima- 
ginary state where wi. =o is still P, and if, as previously, contact is 
required between the rigid wall and the compressible medium, the 
fluid pressure behind the membrane will be changed to y‘ a’ 9° The 
pressure distribution q. is approximated with ring-loadings for which 
deflexions are given in table 2. The average deflexion for q, can thus 
be expressed by 

4(I-v a 
where C is a constant that ie found on the 


basis of the figures in table 2. 


Thus; in all, the following equations are obtained: 


2 
4(1- 4, 
av B 
and 2 
Y= “tay = 
@) 


Here, Y is found for the same ring-shaped loadings as are used 
for pressure cells a and b. The results are given in table 9. 

If the cell registered correctly, Y should equal 1 for all loading 
cases. It will be seen, however, that this is not the case. 


= 

4 


Table 9 
4 
n 
4 
4, 00 0,67 | 0,67 
0,20 oh 0,98 - 0,65 
T 
0, 4a Th 0, 92 - 0, 62 
0,60) | 0,02 0,55 
0, Oa ok 0,63 - 0, 42 


This pressure cell is considerably more sensitive to deviations 
from the uniformly distributed load than is type a, buc is considerably 
more favourable than type b. If the load P is uniformly distributed 
over the ring-shaped area from 0. 4a to r, = & @ load is regis- 
tered that is 8% lower than if P had been uniformly distributed over 
the entire area. With the pressure distribution in the imaginary state 
where w. =o, shown in fig. 11, the pressure cell will show 9% % of 
the value that would be obtained with uniformly distributed pressure Go" 

In the cases already dealt with for pressure cell c, there has 
been contact between the rigid wall and the elastic medium. This is 
not, however, a matter of course, since it is not the case when 
&>- B+ q is greater than q, for r=a. Here, there would aot be con- 
tact in a narrow zone around the edge of the pressure cell. The 
assumption that there is contact everywhere between the rigid wall 
and the elastic medium is presumably a reasonable approximation. 


Arbitrar ressure distribution under the pressure cell 


If the state of pressure under the cell is characterized by 49,9’ 
where q-9 is the pressure at a point with the polar coordinates r and 0, 
and there is contact everywhere between the rigid wall and the elastic 


medium, as far as pressure cell c (fig. 3) is concerned, w 7 is the 


a 
same as for an axially symmetrical loading q 


2 
: 
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where for any concentric ring-shaped area AF. 
If contact is lacking between the rigid wall and the elastic medium 
along a part of the edge of the hole, the conditions will change, but 
the assumption that there is contact everywhere between the rigid 
wall and the elastic medium is presumably a reasonable approximation, 

If the pressure cell b (fig. 2) is so rigid that it is possible to 
neglect the change in the state of pressure under the cell, it will at 
once be seen that w, | is the same for arbitrary pressure distribu- 
tion for the corresponding axially symmetrical distribution 
As a consequence of this it will be seen that a state of pressure that 
increases linearly along the x-axis (fig. 2) and that is independent of 
the y-position corresponds to a uniformly distributed load, From this 
it is assumed that the same is the case for any pressure cell of 


type b, just as it is assumed that ef for pressure cell a (fig. 1) 
weo 
is the same in the two cases, The action of an arbitrary pressure 


distribution can now be discussed on the basis of the foregoing section. 


The pressure cell arranged in the rigid wall, so that it lies near 


the edge or corner of this. 


The compressible medium is semi-infinite. The dimensions of the 
rigid wall are large in relation to those of the pressure cell. 


Pressure cell a 


On the basis of the results in (4) it can be concluded that the change 
caused in the state of pressure by a slight pulling back of the piston is 
very local, so that a , for the pressure cell placed near the edge 

w=o 
of the rigid wall, will only differ slightly from ora for the cell a 


w=o 
long way from the edge, when the pressure distribution (for w=o) is the 


same in the two cases. It can be proved, moreover, that = for the 
w=o 
pressure cell placed near the edge is smaller than or equal to a 
we 


for the cell placed a long way from the edge. 
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Pressure cells b and c 


The above can also be expected to apply to these pressure cells. 


Friction between the elastic medium and the rigid wall, includin ressure cell 


In the foregoing we assumed that there was no friction between the 
elastic medium and the rigid wall plus pressure cell. The condition 
where the surface of the elastic medium is fixed against horizontal 
movements is the other limit, Boussinesq has found the following ex- 
pression for the deflexions of the free surface of a single force acting 


on a semi-infinite elastic medium: 


2 
P(l-v5, ) 1 
* r is the distance from the force to the 


point on the surface at which the deflexion 


is measured. 


P_ (1 


w. 2 
2 
B r 


The former expression was used as the basis for the foregoing. The 
latter expression is applied when the surface is fixed against horizontal 
movements. 

The ratio between w, and w, is the same as between w 


frictionless 
and Wrived in the loading cases previously mentioned. 


“fixed 


“frictionless 


is dependent on Vp as shown in table 10. 


Table 10 
“fixed 
“frictionless 
0 0,75 
0,4 0, 60 
0,2 0, 86 
0,3 0, 92 
0,4 0,97 
0,5 1, 00 
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Pressure cell a 


If the surface of the elastic medium is completely fixed against 
horizontal movements, which is an upper limit, it can be seen from 
the above-mentioned table that “5 * 0.1 (which is a very small value 
for Poisson's ratio) corresponds to a change in the error shown by 
the pressure cell of 20%, so that for example, a cell shows 5% 
too little when the surface is frictionless and 6 % too little when the 
surface is fixed against horizontal movements, 


Pressure cells b and c 


Here too the case where the surface is fixed against horizontal 
movements will be an upper limit for the cases occurring in prac- 
tice. Especially a rubber membrane would be incapable of keeping 
the surface fixed, so that there we can only have the surface fixed 
under the rigid wall. 


Model test 


A test has been made by means of the model technique described 
in (2) to verify the results given in the above, i.e. in the section 
“Arbitrary pressure distribution under the pressure cell" and" Pres- 
sure cell placed in a rigid wall so that it lies near the edge or corner 
of this", 

The tests shown in figs. 12a, b and c have been carried out. The 
arrangement shown in fig. 12a corresponds to a problem solved by 
Boussinesq (rigid, circular piston pressed against semi-infinite elastic 
medium), although here we are working with finite dimensions of the 
elastic medium, which results in a smaller deviation from the cor- 
rect case, as given in (2). 

The test (fig. 12a) is made to determine the order of magnitude 
of the modulus of elasticity, to investigate whether Hooke's law ap- 
plies in the loading range used, and to establish variations in the 
modulus of elasticity in the testing period. Poisson's ratio is not de- 


termined in this test, but it is found in (2) for the corresponding 
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material, and is about 0,48, i.e. according to table 10 we obtain the 
same relationship between P and w, regardless of whether the sur- 


face of the elastic medium is frictionless or is fixed. 


load on piston 


24/3 233 


3 


4 
at 0.2 as a4 0s 06 
Fig 43 


As will be seen from fig. 13, the material follows Hooke's law, 

E ~ 55 kg/cm’, rather closely, and the hysteresis of the material 
is small. The duration of these tests was about 30 minutes, i.e. 
about the same duration as for tests 12b and c. It will further be 
seen that the modulus of elasticity of the material, which was de- 
termined both before and after tests 12b and c, increased by about 
5% in the course of 24 hours. 

The test shown in fig. 12b corresponds to a rigid piston arran- 
ged in a semi-iniinite, rigid wall and pressed against a semi-infinite 
elastic medium. The rearrangement of stresses about the piston 
when this is drawn back is so local that the use of finite dimensions, 
as used here, will not entail measurable changes (see (2)). The re- 
lationship between P and w in this loading case is shown in fig. 14. 
Use is, however, made of a coordinate system 2. =: x » where q 
is the average stress under the piston and Go is this average stress 
when the piston lies flush with the underside of the rigid plate. 
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The curve is determined as the average curve between two tests 
carried out on 23.3.60. Only that part of the curve corresponding to 
the pulling back of the piston has been taken into consideration. On 
the same day a test (on the same elastic medium) was carried out as 
shown in fig. 12c. The distance from the centre of the piston to the 
edge of the rigid wall is 1.3:R, where R is the radius of the piston. 
It can also be assumed here that the rearrangement of pressure fol- 
lowing the pulling back of the piston is so local that the finite di- 
mensions of the elastic medium are of no importance. The measu- 
ring points are also shown in fig. 14. At unloading, a crack forma- 
tion was seen around the periphery of the rigid plate, and for this 
reason the test was repeated on 24. 3.60 after one layer of the ela- 
stic medium had been removed. This test was thus carried out with 
a modulus of elasticity about 5% greater than in the test with which 
it is to be compared. Corrections have been made for this change in 
E, and the corrected measuring points are shown in fig. 14. Here 
again, only that part of the curve corresponding to the piston being 
pulled back is shown. 


ne 
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In this test it is a case of a combined action of pressure gradi- 
ent over the pressure cell and action from the nearby edge, since 
the state of pressure under the rigid plate corresponds fairly closely 
to the pressure under Boussinesq's piston. According to the foregoing, 
the action should result in a negligible decrease in s. 

It will be seen from fig. 14 that all measuring points for the case 
fig. 12c are transposed to the same side of the curve from the case 


fig. 12b, which means that a is smallest in case fig. 12c, This 
agrees with the findings of the previous sections. The difference is 


not large, which means that the change in the state of pressure when 
the piston is pulled back is exceedingly local. 


Resumd and conclusion 


An appraisal has been made of different types of pressure cells 
used for measuring the pressure between a rigid wall and an elastic 
medium, The three types are shown in figs. 1, 2 and 3, and are 
characterized by the front plate being designed as a rigid piston, a 
plate fixed along the edge, and a membrane with fluid pressure be- 
hind it, respectively. 


The three types are investigated on the basis of the following 
cases; 


1. Uniformly distributed pressure under the pressure cell. 
2. Axially symmetrical pressure distribution under the pressure cell. 
3. Arbitrary pressure distribution under the pressure cell. 


4. The pressure cell arranged in the rigid wall so that it lies near 
the edge or corner of this. 


Further, a model test corresponding to a combination of loading 
cases 3 and 4 has been carried out on the type of pressure cell 


shown in fig. 1. 
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Pressure cell a (fig. 1) 


The relationship between the load on the piston and the pulling 
back of the piston is expressed as 


E.: 
6.4° for case 1 (see(1) and (2)). 


The signal measured is proportional to the load on the piston, 
This means that this pressure cell can be calibrated with weights, 
and that the calibration curve thus obtained can be used provided a 
correction is made for the action of the pulling back of the piston 
expressed by 

An axially symmetrical loading (case 2) will only alter the ratio 


nw in those cases where, with the piston fixed in the position w=o, 


wto 
there is a very large pressure gradient near the edge of the piston 
or when pressure is not acting over the entire area of the pressure 
cell, Such states of pressure are very seldom likely to occur in prac- 


tice. 


A uniformly distributed ring-shaped loading between r = 0,8a andr=a 


4P 
is an example of such an extreme loading. For this, , 4 ~ 9,5> P 
dP w=o 
dw 
(on the assumption that _ * constant), If the error was previously 
Wmax 


2 %for a uniformly distributed load over the entire pressure cell (w=o), 
it will now be about 3%. 


For an arbitrary loading, a can be expected to equal a 
w=o w= 
for an axially symmetrical loadiffg formed by this arbitrary loading. 


It can further be proved that for a pressure cell placed near the 


edge of the rigid wall (case 4), & is less than or equal to ate 
w=o w=o 
for a cell placed in a semi-infinite rigid wall, when the pressure dis- 


tribution over the cell (for w=o) is the same in both cases. 


Model tests have confirmed the above-mentioned results (cases 3 
and 4). Even though this type of pressure cell has a high value of the 
, it seems to be very insensitive to pressure gradients, 


which is an advantage, since in practice pressure distributions under 
the piston frequently arise that may deviate considerably from a uni- 


formly distributed loading and that cannot be determined. 
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Friction between the elastic medium and the rigid wall, inclu- 
ding piston, will entail such small changes in comparison with the 
frictionless connexion that they can usually be neglected. 


Pressure cell b (fig. 2) 


The ratio a for case 1 is found here by using an approxi- 
w=o 


mation method. 


vp 2 
dP 
~ 2.2 
dw 
average 


This type of pressure cell thus has favourable a - values. The 
relationship between the load acting on the front plate and the de- 
flexion of the front plate is, however, not unique, which is a dis- 
advantage since it is attempted to determine this load by measure- 
ment of w. 

It will be seen that the pressure distribution under the pressure 
cell (for the cells without fluid pressure behind the front plate) may 
change considerably from the original uniformly distributed load, de- 
pending on the dimensions of the front plate and on the physical con- 

This means that the calibration conditions must be checked. Thus 
a not unimportant error may arise if the calibration curve refers to a 
test in which the front plate of the pressure cell is subjected to a 
uniformly distributed load (fluid pressure). The dependence of this 
error on the constant 


(1--¥ 3 E 
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s sho in fig. 6. 
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As appears from fig. 6, this type of pressure cell can be im- 
proved by transmitting the pressure on the front plate through a fluid 


behind the front plate to a thin plate, the deformations of which are 
measured. 
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As is already apparent from the foregoing, a pressure cell of 
this type is sensitive to deviations from the uniformly distributed 
state of pressure over the entire area of the cell. If the state of 
pressure under a pressure cell with a very rigid front plate is as 
shown in fig. 11, the cell will indicate 83% of the value that would 
be indicated if the corresponding pressure were uniformly distribu- 
ted. This value applies when the measurement is based on Wiiame « 
If the measurement is based on wiy the corresponding value will 
be 86 %. 

Provided there is contact everywhere between the front plate and 
the compressible medium, an arbitrary loading will give the same 
results as an axially symmetrical loading produced by the arbitrary 
loading as stated previously. 


When placed near an edge or corner of the rigid wall, this pres- 
sure cell must be assumed to act in the same way as cell a, just as 
friction between the elastic medium and the rigid wall, including cell, 


must be assumed to bring about corresponding small changes. 


Pressure cell c (fig. 3) 


For uniformly distributed pressure under the entire pressure cell 
(case 1), 


& 

The pressure transmitted through the membrane remains uniformly 
distributed over the surface of the pressure cell with a value that is 
dependent on w. This cell can therefore be calibrated by loading the 
membrane with a uniformly distributed load (fluid pressure), and the 
calibration curve thus obtained can be applied provided a correction 


is made for the effect of the pulling back, w, by using the expression 
dP 
dw 

The recording of this pressure cell is, as was the case for cell b, 
although not to the same degree, dependent upon the pressure distri- 
bution under the membrane (in the imaginary state, w =o). The pres- 


sure distribution shown in fig. 11 will result in a recording of 96 % 
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of the value that would be obtained if the same resultant load were 
uniformly distributed over the entire area of the cell. 

It is possible to visualize pressure distributions under the cell 
that will, like the distribution shown in fig. 10b, prevent contact 
between the rigid wall and the compressible medium over a narrow | 
zone around the edge of the cell. One of the assumptions forming | 
the basis for the above is thus not fulfilled. Just what effect this 
will have on the error cannot be ascertained without knowing the 
pressure distribution, not only under the cell (w.=0), but also un- 
der the rigid wall near the cell. The assumption that there is con- 
tact everywhere is presumably a reasonable approximation. ' 

If there is contact between the rigid wall and the elastic medi- 
um, an arbitrary pressure distribution (case 3) will give the same / 


| 
| 
4 
| 
| 
| 


result as the axially symmetrical distribution corresponding to the 
former. 

If this pressure cell is placed near an edge or a corner in the 
rigid wall, the same conditions will presumably apply as for cell a, 
still on the assumption that there is contact everywhere between the 
elastic medium and the rigid wall. 

Friction can be expected to be of even less importance for this 
type of pressure cell than for the other two, since the elastic medi- 
um under a rubber membrane is not fixed. 

If the compressible medium is a material consisting of grains, 
the grain size must be so small in comparison with the thickness of 
the membrane that the deflexions of the membrane are negligible 
between the grains. 

The results reached for cases 1, 


Y 8 2 and 3 (no friction) can, for this pres- 


sure cell, easily be transferred to 


the case where a cell is placed in an 


infinitely elastic medium, as shown 


in fig. 15. (There is axial symme- 
Yy try about the z-axis and the xy- 
7. plane is a plane of symmetry). 
The pressure cell is very thin. 


Fig 45 
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